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Many-body quantum system with N particles in large box A = [0, L]* and Hamiltonian

HNfZ “Ag+ > Vi —x).

1<i<j<N

. . . 2
o Kinetic energy: Laplacian —/=

5= Ay = —A. (Units with h =2m =1.)

@ Interaction energy: Repulsive pairwise interaction V > 0.
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Many-body quantum system with N particles in large box A = [0, L]* and Hamiltonian

HNfz “Ag+ > Vi —x).

1<i<j<N

. . . 2
o Kinetic energy: Laplacian 72%1
@ Interaction energy: Repulsive pairwise interaction V > 0.

le. energy in state ¢y € L*([0, L]*") is

N
{(n|Hn|Yn) :/.../[OLPN [wajw,\,(xl,...,x,v)

N

+ Z V( 7Xk)‘LN(X1,...,XN)‘2 dxi ...

1<j<k<N
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Many-body quantum system with N particles in large box A = [0, L]* and Hamiltonian

HNfz “Ag+ > Vi —x).

1<i<j<N

. . . 2
o Kinetic energy: Laplacian 72%1

@ Interaction energy: Repulsive pairwise interaction V > 0.

le. energy in state ¢y € L*([0, L]*") is

N
<¢N‘HN|¢N> :/”./[0”3,\, |:Z|ijwN(X1,...,XN)

2

+ Z V( 7Xk)‘LN(X1,...,X/\/)‘2 dxi ...

1<j<k<N
We consider the ground state energy

(Yn|Hn[Yw)

= inf
Pl 2=1

Appropriate wave functions vy depend on particle statistics.
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Ground state energy

B «z)N:u«'prLfllLFl (n[Hnln) Hy = Z Ay + Z V(xi = ).
1<i<j<N
Appropriate wave functions iy depend on particle statistics:
@ Bosons: Symmetric wave functions:
1/JN(X1,...,Xj,...,Xk,...,XN) = ’L/)N(Xl,...,Xk,...,Xj,..,,XN)

@ Spin-polarized / Spinless Fermi gas: Anti-symmetric wave functions:

’G)N(Xl,...,Xj....,Xk.,.H,X/\/) = 7’L5,YN(X1,...,X/<,...,

Can be realized experimentally using Feshbach resonances (for e.g. °Li, *°K):

“p-wave fermions”

e Spin- qgl Fermi gas: Replace coordinate x — z = (x,0) with spin o =1,...

’lﬁ/\/(zh...,Zj,...,zk,...,ZN):—’lﬁ/\/(zh...,Zk,...,Zj,...,ZN).
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Ground state energy

- «z)N:u«'prLflle:l (nlHlvn) Hn = Z Dy + D V(x—x)
1<i<j<N
Appropriate wave functions iy depend on particle statistics:
@ Bosons: Symmetric wave functions:
1/JN(X1,...,Xj,...,Xk,...,XN) = QZ)N(Xl,...,Xk,...,Xj,..,,XN)

@ Spin-polarized / Spinless Fermi gas: Anti-symmetric wave functions:
'EYN(X1,...,><j...‘,X;<..‘ . ,X/\/) = 7’L5YN(X1,...,X/<1....><j,.‘ . ,X/\/).

Can be realized experimentally using Feshbach resonances (for e.g. °Li, *°K):
“p-wave fermions”

—1

@ Spin-%5= Fermi gas: Replace coordinate x — z = (x,0) with spin o =1,...,q.
UN(ZLy ey 2oy Zhy ooy ZN) = —UN(Z1y e ooy Zky ooy Zjy e 2ZN)-

We consider ground state energy density in thermodynamic limit

. . H
e(p) = lim inf M,
L— oo 1)y appropriate statistics L3
N/ —p Il 2=1
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Dilute regime — Scattering lengths

Dilute limit: Interparticle spacing p’1/3 large compared to lengthscale of interaction.
(Think, V has finite range Ry, then p71/3 > Ry, ie; pR < 1.)
~» Expect only pairwise interactions (to leading order)

~> Study minimal energy of two particles in large box A = [0, L]* with

> no symmetry (bosons or fermions of different spin) ~» s-wave: E ~ 872
L . . 2 167343
> fermionic symmetry (fermions of same spin) ~ p-wave: E ~ % +— 2
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Dilute regime — Scattering lengths

Dilute limit: Interparticle spacing p’1/3 large compared to lengthscale of interaction.
(Think, V has finite range Ry, then p71/3 > Ry, ie; pR < 1.)
~» Expect only pairwise interactions (to leading order)
~> Study minimal energy of two particles in large box A = [0, L]* with
> no symmetry (bosons or fermions of different spin) ~» s-wave: E ~ %

16773313J

. . . . 2
> fermionic symmetry (fermions of same spin) ~ p-wave: E ~ At 4 5

12

Definition

The s- and p-wave scattering lengths as and a, are defined by
1
4mas = inf {/ <|Vf|2 + 5Vf2> dx : f(x) — 1 for |x| — oo} ,
R3

' 1
127337 = inf{/ (\Vf\z + §Vf2> x> dx : f(x) — 1 for |x| — X} .
Jr3

87735:/ .V~ V, 24ra, = / \x\zfsz/ x|”V for smooth and small V.
R3 JR3 JR3

JR3
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Two particles in a (periodic) box

Non-interacting ground state: (Easy exercise)

1

] for different spins,
Yo(x,y) = 2 o 2 xt 4yt . (j(xl B 1)) for same spins

[E L 2 L 4 pins:

Interacting ground state is of form ¥(x,y) = f(x — y)wo(x, y) for some f. (By
translation invariance)
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Two particles in a (periodic) box

Non-interacting ground state: (Easy exercise)

1

] for different spins,
%(XJ’) = 3 o E x* erl sin (z(xl - 1)) for same spins

[E L 2 L 4 pins:

Interacting ground state is of form ¥(x,y) = f(x — y)wo(x, y) for some f. (By
translation invariance)

Large volume limit L — co: f minimizes (easy calculation)

inf{/ <|Vf|2 + %Vf2> dx : f(x) = 1 for x| — oo}7
R3

inf{/ <\w\2 + %\/ﬂ) Ix|? dx : f(x) — 1 for |x| — x}
JR3

~ f is the s- or p-wave scattering function.

4ras

127a)
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Two particles in a (periodic) box

Non-interacting ground state: (Easy exercise)

1

] for different spins,
Yo(x,y) = 2 . 2 xt 4yt . (j(xl B 1)) for same spins

[E L 2 L 4 pins:

Interacting ground state is of form ¥(x,y) = f(x — y)wo(x, y) for some f. (By
translation invariance)

Large volume limit L — co: f minimizes (easy calculation)

inf{/ <|Vf|2 + %Vf2> dx : f(x) = 1 for x| — oo}7
R3

inf{/ (\w\z + %\/ﬂ) Ix|? dx : f(x) — 1 for |x| — x} :
JR3

~ f is the s- or p-wave scattering function.

4ras

127a)

The interacting ground state is given by the non-interacting ground state multiplied by
the scattering function f; /..
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Asymptotic energy expansions

Theorem (Spin—‘;’%1 Fermi gas (Lieb—Seiringer-Solovej 2005))

Let V > 0 be radial and of compact support (finite range). Then,

67>

3 2/% 1
) =2 () Prramas(1-1)arow),  de<t

q
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Asymptotic energy expansions
Theorem (Spin—‘;’%1 Fermi gas (Lieb—Seiringer-Solovej 2005))

Let V > 0 be radial and of compact support (finite range). Then,

3 (6m2\? 1
) =2 () Prramas(1-1)arow),  de<t

5\ ¢q

o Kinetic energy of free gas.

@ Interaction energy.
> Energy of one pair of different spins is 8was/L3. (Definition of as)

> > i<o<r<q NoN- many such pairs (= N4 N in spin—% case)

> Balance of spins: p, = %. (pr = py =5 for spin—% case)

~» Energy density >,
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Asymptotic energy expansions
Theorem (Spin—‘;’%1 Fermi gas (Lieb—Seiringer-Solovej 2005))
Let V > 0 be radial and of compact support (finite range). Then,
2\ 2/3
e(p) = % (6%) P> + 4magp? <1 - é) (1+0(1)), alp < 1.

o Kinetic energy of free gas.

@ Interaction energy.

> Energy of one pair of different spins is 8was/L3. (Definition of as)

> > i<o<r<q NoN- many such pairs (= N4 N in spin—% case)

> Balance of spins: p, = %. (pr = py =5 for spin—% case)

~» Energy density Zlgﬂ(\’,gq
Theorem (Spinless Fermi gas (L.—Seiringer 2024))
Let V > 0 be radial and of compact support (finite range). Then,

127 / /
e(p) = §(6ﬂ2)2/3p5/3+{(6@2”3320&'3(1 +o(1)), ap<l
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1st order perturbation theory — Naive a3p8/3

o Take trial state ¢r ground state of free gas: (easy calculation)

. (WelHnlYE) 3, 2353, 1 [ (o
N,ILITOO I E 5(67T ) p? 4 > /., P (x,0)V(x) dx.
N/L3=p

(671-2)2/3 8/3|X|2

e Taylor expand p®(x,0) ~ and use |5 [x|*V(x) dx ~ 24ra]

~> Energy density (67r2)2/3 S5 4 L2x(67°)*/2ap 03
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1st order perturbation theory — Naive a3p8/3

o Take trial state ¢r ground state of free gas: (easy calculation)

H 1/
y ILITOO w = %(6%2)2/3p5/3 +t3 /’S P (x,0)V(x) dx.
N/3=p o

e Taylor expand p®(x,0) ~ @pg/ﬂxf and use |5 [x|*V(x) dx ~ 24ra]
~> Energy density %(67r2)2/3p5/3 + B (67%)*2a3p% .
Need to treat interactions more precisely
Recall from two-particle problem:

The interacting ground state is given by the non-interacting ground state multiplied by
the scattering function f; /.

~ Use f, to construct better trial state.
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1st order perturbation theory — Naive a3p8/3

o Take trial state ¢r ground state of free gas: (easy calculation)

H 1/
y ILITOO w = §(6W2)2/3p5/3 +t3 / P (x,0)V(x) dx.
N/3=p o

e Taylor expand p®(x,0) ~ M,og/ﬂ)d2 and use |5 [x|*V(x) dx ~ 24ra]

12.(6_ )2 3 ;/8 3

~» Energy density (67r2)2/3 5/3 4
Need to treat interactions more precisely
Recall from two-particle problem:

The interacting ground state is given by the non-interacting ground state multiplied by
the scattering function f; /.

~» Use f, to construct better trial state. Jastrow-type trial state:

¢N(X1,---7XN):\/% T %0i—x)Dn(x, ., xw)

N i<i<i<n

Dy Slater determinant (think free ground state ¢r), Cy normalization constant.
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Cluster expansion

Jastrow-type trial state

1
H fo(xi — x;)Dn(x1, - -, xn)
vV Ch 1<i<j<N

!

Yn(xi, ..., xn) =

Dy Slater determinant (think free ground state ¢r), Cy normalization constant.

Compute energy (easy calculation)

[ Vh(xi—x)? 1
onttilomy = B0+ [[[ D0 (| TEEZI 4 20— 0) ) o
J . [O‘L]G fp(Xl — X2) 2
+ 3-body term
Eo kinetic energy of Dy, p(ﬁl the 2-particle density.
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Cluster expansion

Jastrow-type trial state

1
H fo(xi — x;)Dn(x1, - -, xn)
vV Cn 1<i<j<N

Yn(xi, ..., xn) =

Dy Slater determinant (think free ground state ¢r), Cy normalization constant.

Compute energy (easy calculation)

1
—+ 5 V(X1 — Xg)) dxi dxo

pr(xl — X2) 2

fo(x1 — x2)

(Yn|Hn|Yn) = Eo + //[o " /15§l(x17X2) ('

+ 3-body term

Eo kinetic energy of Dy, /)(Jil the 2-particle density.

Think o7 (31 0) = f(a — %)@ (1, x2). (Recall 12183 = [o5(|V |2 + 3 VE2)|x[? dx.)

Jas

Compute /)S?S ~» Cluster expansion: Way of calculating pSZl (Formal calculations of

Gaudin—Gillespie-Ripka 1971.) (Hard) combinatorics problem.
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