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 :Carnot: The ideal heat engine is universal

II-law of thermodynamics

Entropy ∆S  > 0
For an ideal reversible transformation the entropy change is zero

The ideal engin's efficiency depends   

only on the temperatre ratio   
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Quantum ThermodynamicsQuantum Thermodynamics
Any theory should be consistent with Thermodynamics

Einstein 1905
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The paper is wrongly interpreted as the photoelectric effect

 .Millikan, R. (1914). "A Direct Determination of "h."". Physical Review. 4 (1): 73–75
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Consistency
Emergence of Thermodynamics from quantum mechanics

Can a Thermodynamical viwpoint be relavant to a single device at the 
quantum limit

What is the limit of minaturization of 
a quantum heat engine

What is quantum in a quantum heat engine 
Is there quantum supremacy

?

?

?
?

single molecular refrigerator

Learning from example Thermodynamic ideals
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?How small a quantum engine can be

What is quantum in quantum heat devices



Carnot efficiency of a 3!level amplifier
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Laser Cooling reversing the 3!level amplifier
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Geusic J, Bois E, De Grasse R, Scovil H. J. App. Phys. 30:1113(1959)
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Power or efficiency?

Efficiency at maximum power Maximum efficiency

Quantum ThermodynamicsQuantum Thermodynamics



Reciprocating heat engines

Learning from example
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Open system description of a heat engine
.

Propagator ρ̂ f = Λρ̂i

.
1 Hot to cold adiabatic stroke Λhc

2 Cold isotherm Λc Cold isochore Λ̄c

3 Cold to hot adiabatic stroke Λch

4 Hot isotherm Λh Hot isochore Λ̄h

Λcyc = ΛhΛchΛc Λhc

 [ Λh ,Λch] = 0/Order matters

ronnie
Rectangle

ronnie
Rectangle

ronnie
Rectangle

ronnie
Rectangle

ronnie
Rectangle

ronnie
Rectangle



1

2

3

Carnot cycle 
Hot to cold adiabatic stroke ⇤hc
Cold isotherm ⇤c
Cold to hot adiabatic stroke ⇤ch

4 Hot isotherm ⇤h

Carnot�cycle:
⇤cyc�=�⇤h⇤ch⇤c�⇤hc�

Operating conditions
fixed point of CPTP map
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Perf ormance characteristics of real lif e 
heat engines 

1) An engine operates at finite power.
2) The engine is limited by heat leaks.
3) The motion is subject to friction.

The engine operates under irreversible conditions 

Do quantum engines have the same 
perf ormance characteristics? 

Science  15 Apr 2016



Endoreversible qubit engine
.
Efficiency at Maximum power

ηCA = 1−

√
Tc

Th

Carnot cycle:
ηC = 1− Tc

Th

The work per reversible:

WC = kB ∆T∆S̄ v.n
where ∆T = Th −Tc.
Otto cycle:

WOtto = ∆Ω∆S̄

where ∆Ω = Ωh −Ωc = Ω2 −Ω4 and ∆S = S̄2 − S̄1.

ηOtto = 1− Ωc

Ωh
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A quantum-mechanlcal heat engine operating in finite time. A model 
consisting of spin-1 /2 systems as the working fluid 

Eitan Geva and Ronnie Kosloff 

Departmenו of Physical Chemistry and The Fritz Haber Research Center for Molecular Dynamics, 
The Hebrew Uniuersity, Jerusalem 91904, Jsrae/ 

(Received 28 August 1991; accepted 21 October 1991) 
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FIG. S. Thc cyclc 1'-2' -3' -4'-1' is of the Curzon-Ahlborn 

FIG. 1. The revcrsible Camotcyc]c (so]id line) in וhc {ש,S) plane (w is the 
ficld and S the polariz.ation ). The cyclc is composed of t'י''O revcr$iblc iso
thcrms corresponding 10 the tcmperatures {J� and /J, ({J, > Pג) and of two 

adiabatscorrcsponding 10 וhe polari:uוioחs S, and Sג (S 1 <S,; S, ,S0> ג). 

Pסsitivc net work production is obtained by going anזiclockwise. The direc
tions ofwork and heat flows along uch branch are indicat�d. 

J. Chem. Phys., Vol. 96, No. 4, 15 February 1992

Heisenberg picture, reads as follows: 

x = i[H,XJ + ax + 2' מ(X>, 
ar 

Vl [X,V0) 0ץ L = (X)ע '2. ] + [V�,X]V0 ). 

Carnot cycle

No coherence considered
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The Problem:
Derive a dynamical description for a driven system
coupled to a bath beyond the adiabatic limit:

Ĥ = ĤS(t) + ĤB + ĤSB

Carnot cycle: The isotherms

Peter Salamon
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The task: Isothermal Dynamics

Starting from a thermal initial state ρ̂i = e−β Ĥi

Transform as fast and accurate to the state: ρ̂f = e−β Ĥf

while the system is in contact with a bath of temperatureT = 1/kβ

The protocol: ĤS (t) with ĤS (0) = Ĥi and ĤS (tf ) = Ĥf

The Problem
We can control directly ĤS (t) but only indirectly the relaxation rate.
We need the dissipative equation of motion with a time dependent ĤS (t) 
with a time dependent protocol.

Carnot cycle: The isotherms
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The adiabatic stroke: Quantum version

∂

∂ t
ρ̂ =− i

h̄
[Ĥ, ρ̂]

Control Hamiltonian of the working medium

Ĥ(t) = Ĥint + Ĥcont(t)

Then: [Ĥ(t),Ĥ(t′)] 6= 0 and coherence is generated.
.

Generating coherence cost work.

What is required for a realistic model?

Quantum origin of friction: generating coherence

The propagator  Λhc is Unitary
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Qubit basics

h̄Ω(t) = h̄
√

ω2 + ε2 ,

time dependent set

HHamiltonian

State

sstate

ĤS(t) = ω(t)Ŝz + ε(t)Ŝx ,

Ĥ (t Ŝ
L̂
Ĉ

= ω ) z + ε(t)Ŝx

= ε(t)Ŝz −ω(t)Ŝx

= Ω(t)Ŝy .

ρ̂ =
1

2
Î +

2

h̄2

(
〈Ŝx〉Ŝx + 〈Ŝy 〉Ŝy + 〈Ŝz〉Ŝz

)
.

C =
1

h̄Ω

√
〈L̂〉2 + 〈Ĉ〉2 ,coherence

ρ̂ =
1

2
Î +

2

(h̄Ω)2

(
〈Ĥ〉Ĥ + 〈L̂〉L̂ + 〈Ĉ 〉Ĉ

)
,
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Quantum partition

Bath

Pa
rt
iti
on

System
Hs HE

HI

H=Hs+HI+HE U= e-iHt



Inserting dynamics into thermodynamics
The global Hamiltonian:

Ĥ = ĤS + ĤE + ĤSE

ρ̂f = Ûρ̂iÛ
† = Ut ρ̂i Ut = e−i [Ĥ,•]t

Reduced description:

ρ̂S(t) = Λt ρ̂S(0) Λt = eL t

In a differential form:

∂

∂ t
ρ̂S = L ρ̂S
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The theory of open quantum systems

The quantum Markovian Master Equation .

A completely positive map:

Λρ̂ = ∑
j

Ŵ †
j ρ̂Ŵj ,

where ∑j Ŵ
†
j Ŵj = Î

The Gorini-Kossakowski-Lindblad-Sudarshan (GKLS) quantum
Master equation

d

dt
ρ̂ =− i

h̄
[Ĥ , ρ̂] +

1

2 ∑
j

([V̂j ρ̂, V̂
†
j ] + [V̂j , ρ̂V̂

†
j ])≡− i

h̄
[Ĥ , ρ̂] +L ρ̂ .

1975

Kraus 1971

System and bath are in tensor product form in all times Lindblad 1996

G. Lindblad
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Thermodynamic restriction

1 The dynamical map Λt is Markovian, satisfying
the semi-group property.

2 The environment remains in a stationary state
with respect to the environment’s free
Hamiltonian ĤE .

3 The fixed point of the dynamical map is a

thermal state ρ̂
eq
S = ρ̂th

S = Z−1
S e−β ĤS , where ZS

is the partition function and β is the inverse
temperature of the environment.

4 The composite system satisfies strict energy
conservation between the system and

environment:
[
ĤSE ,ĤS + ĤE

]
= 0.
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Isothermal partition
.
Energy is not accumulated on the interface
Strict energy conservation            

ĤSE ,Ĥ 
S + Ĥ 

E

]
= 0[

The free propagator and the dynamical map commute

D [•] =
k
∑γk

(
L̂k • L̂†

k −
1

2

{
L̂†
k L̂k ,•

})
,

Lindblad jjump operators are eigenoperators of the free dynamics

Time translation 
Dynamical symmetry 
Emmy Noether
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Open driven quantum system dynamics
Unitary evolution of the Universe.

Ĥ = ĤS + ĤC + ĤSC + ĤSE + ĤE ,

Generating a propagator U = exp(−i [Ĥ,•]t)
.
Initial tensor product: ρ̂(0) = ρ̂S (0)⊗ ρ̂E (0)⊗ ρ̂C (0)
Reduced description:

ρ̂S (t) = Λt [ρ̂S (0)] = trE ,C

(
Û(t,0) ρ̂S (0)⊗ ρ̂E (0)⊗ ρ̂C (0)Û† (t,0)

)

Imposing semigroup property

Λt = Λt−sΛs

Semi-group generator L (t)

L (t) = lim
∆t→0

Λ(t + ∆t)−I

∆t

The controller is not stationary 

, Roie Dann  and Ronnie Kosloff
.Quantum 5, 590 2021
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Open driven quantum system dynamics
Unitary evolution of the Universe.

Ĥ = ĤS + ĤC + ĤSC + ĤSE + ĤE ,

Generating a propagator U = exp(−i [Ĥ,•]t)
.
Initial tensor product: ρ̂(0) = ρ̂S (0)⊗ ρ̂E (0)⊗ ρ̂C (0)
Reduced description:

ρ̂S (t) = Λt [ρ̂S (0)] = trE ,C

(
Û(t,0) ρ̂S (0)⊗ ρ̂E (0)⊗ ρ̂C (0)Û† (t,0)

)

Imposing semigroup property

Λt = Λt−sΛs

Semi-group generator L (t)

L (t) = lim
∆t→0

Λ(t + ∆t)−I

∆t

The controller is not stationary 
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Autonomous drive
.
Which means that

[ŨSC ,U ] = 0

and
[ŨSC ,Λ] = 0

External drive
Which also leads to:

[ŨS(t),Λ] = 0

The eigenoperators of ŨS(t) will constitue
the Lindblad jump operators when the system
is externally driven. ĤS(t)
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The Non-Adiabatic Master Equation (NAME)
The system is driven:

Ĥ(t) = ĤS(t) + ĤB + ĤSB . [ĤSB ,Ĥ(t)] = 0

We still obtain from I-law: [Λ,US(t)] = 0
.
where US(t) = T e−

i
h̄

∫ t [ĤS (t ′),•]dt ′

.
The time dependent dissipator:

LD(ρ̂S) = ∑
k

γk(t)

(
F̂j(t)ρ̂S F̂†

j (t)− 1

2
{F̂†

j (t)F̂j(t),ρS}
)

.

The Lindblad jump operators are eigenoperators

of the free dynamics US (t)F̂k (t) = e−iθk (t)F̂k (t). 
.
The fixed point becomes an instantaneous attractor:

L D(t)(F̂l(t)) = 0

ronniekosloff
Rectangle

ronniekosloff
Rectangle

ronniekosloff
Rectangle

ronniekosloff
Rectangle

ronniekosloff
Rectangle



At last: Shortcut to four stroke Carnot cycle

Carnot� cycle:
⇤cyc�=�⇤h⇤ch⇤c�⇤hc� Quantum Signatures in the Quantum Carnot Cycle

Roie Dann, Ronnie Kosloff NJP 22, 013055,  (2020)
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Performance of Shortcut to Carnot

minimum cycle time
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Quantum eqivalence

The propagator: U = eL t

Four stroke cycle propagator:

Ucyc = UcUhcUhUch = eLc teLhc teLhteLcht

In the limit of small action: s = ||L t|| � h̄

Ucyc = eLc t/2eLhc teLhteLchteLc t/2

Ucyc ≈ e(Lc+Lhc+Lh+Lch)t +O(s3)

Raam Uzdin, Amikam Levy, and Ronnie Kosloff
Equivalence of Quantum Heat Machines, and Quantum-Thermodynamic
.(Phys. Rev. X 5, 031044 2015
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The Voyage:
Seeking for quantum open system description of the Carnot cycle

Non Adiabatic Master Equation NAME.

The inertial theorem.

Shortcuts to non unitary maps with entropy change.

Finite time quantum Carnot cycle.
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Roie Dann Shimshon Kallush Amikam Levy

David Tannor

Allon Bartana

Quantum control of open systems

AnderTobalina

Christiane Koch



 Thank
you
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Ĥ = ĤS + ĤB + ĤSB . [ĤSB ,Ĥ] = 0

Reduced description: Λs ρ̂S = ∑j K̂j ρ̂SK̂j
†

.
0- law: The fixed point of the map is a Gibbs state:
Λs ρ̂S(eq) = ρ̂S(eq) = 1

Z e
−βHS where β = 1/kTB

.
1-law conservation of energy dES =−dEB

h̄This implies: [Λs,US ] = 0 where US = e− i [Ĥ 
S ,•]t .

2-law Contraction:

D (Λ(ρ̂S)|Λ(ρ̂S(eq)))≤D (ρ̂S |ρ̂S(eq))

Dynamical equations consistent with Thermodynamics . 
Isothermal Partition .
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The GKLS Master Equation
. d

dt
ρ̂S(t) =−i [ĤS(t), ρ̂S ] +LD(ρ̂S)

LH(ρ̂S) =−i [ĤS(t), ρ̂S ]

LD(ρ̂S) = ∑
k

γk

(
F̂j ρ̂S F̂†

j −
1

2
{F̂†

j F̂j ,ρS}
)

.

From the I-law: [LH ,LD ] = 0 , this implies that

F̂k are common eigenoperators of LH and LD .

LH (F̂k ) = iωk F̂k      LD (F̂k ) = γk F̂k

when ωk = 0 F̂k is an invariant of the unitary
dynamics.
.

For γl = 0 F̂l is an invariant a fixed point F̂l = 1
Z e
−β ĤS

for k 6= l , F̂k are Lindblad jump operators.

G. Lindblad
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Realizations 2016 Science  352 , 325 (2016)



Shortcut to Equilibration (STE)

Shortcut to Equilibration of an Open Quantum System, 
R. Dann, A. Tobalina, and R. Kosloff, PRL 122, 250402 (2019)

Entropy change

State to state control
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GKLS master equation of a driven qubit
The Hamiltonian:

ĤS (t) = ω (t) Ŝz + ε (t) Ŝx ,

Define the Liouville time dependent vector

~v (t) = {ĤS (t) , L̂(t) , Ĉ(t)}T .

L̂(t) = ε (t) Ŝz −ω (t) Ŝx
and Ĉ(t) = Ω̄(t) Ŝy ,
.
Raby frequency Ω̄(t) =

√
ω2 (t) + ε2 (t)

.
The adiabatic parameter

µ =
ω̇ε−ωε̇

Ω3

Time dependent operator base

Inertial solution
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Solving for the free propagator US(t)

1

Ω

d

dt

 Ĥ(t)

L̂(t)

Ĉ(t)

=

 0 µ 0
−µ 0 1

0 −1 0

+
Ω̇

Ω2
Î

 Ĥ(t)

L̂(t)

Ĉ(t)

 ,

U S (t) = U1 (t)U2 (t), where U1(t) = Ω(t)
Ω(0) Î

U2 (t) =
1

κ2

 1 + µ2c κµs µ(1− c)
−κµs κ2c κs

µ(1− c) −κs µ2 + c

 ,

where κ =
√

1 + µ2 and s = sin(κθ ), c = cos(κθ )
and θ (t) =

∫ t
0 Ω(t ′)dt ′.
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The eigenoperators of US(t)
.
The eigenoperators of the free propagators which
constitute the eigenoperators of D(t):

F̂k = {χ̂, σ̂ , σ̂†}

χ̂ (µ,0) =
1

κΩ̄ (0)

(
ĤS (0) + µĈ(0)

)
σ̂ (µ,0) =

1

2κ2Ω̄ (0)

(
−µĤS (0)− iκL̂(0) + Ĉ(0)

)
and σ† (µ,0),
with corresponding eigenvalues
λ1 = 0,λ2 (t) = iΩκ (µ (t)) and λ3 (t) =−iΩκ(µ(t)),
where

κ (µ (t)) =
√

1 + µ2 (t) .
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The Non-Adiabatic Master Equation (NAME)
.
Exigenoperators of US(t) in the {Ĥ, L̂, Ĉ} basis:

χ̂ (t) =

√
2

κ h̄Ω

(
Ĥ + µĈ

)
σ̂ (t) =

1

κ h̄Ω

(
−µĤ− iκL̂ + Ĉ

)
,

where κ =
√

1 + µ2

d

dt
ρ̃ = L̃ (t) [ρ̃] = k↓ (α (t))

(
σ̂ ρ̃ (t) σ̂

†− 1

2
{σ̂†

σ̂ , ρ̃ (t)}
)

+

k↑ (α (t))

(
σ̂

†
ρ̃ (t) σ̂ − 1

2
{σ̂ σ̂

†, ρ̃ (t)}
)

.

√
1 + µ(t)2 Ω(t) .

k ↑
k ↓

= e−
h̄α(t)
kT

for the qubit

GKLS form

α (t) = κ (t)Ω(t) = 
effective frequency
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The entropy production
The attractor can be expressed in the Gibbs form:

ρ̃i .a (t) = Z−1e
− h̄α(t)χ̂√

2kBT ,

where Z = tr
(
e−h̄αχ̂/

√
2kBT

)

Σu ≡− d

dt
D (ρ̂|ρ̂i .a) =−kBtr

(
L̃ [ρ̃] lnρ̃

)
+kBtr

(
L̃ [ρ̃] lnρ̃i .a

)
Thermodynamic forces Fl and : Fχ = 1

Tχ
− 1

T , where

Tχ = h̄α√
2kB β̄

, Fσx = kB γ̄x
h̄α

and Fσy =
kB γ̄y

h̄α
then:

Σu = ∑
l=χ,σx ,σy

FlJl ,

. Jχ =− h̄αΓ√
2

(〈χ̂〉−〈χ̂ i .a〉)
Jσx =− h̄αΓ

2 〈σ̂x〉 ; Jσy =− h̄αΓ
2 〈σ̂y 〉 ,

fast

slow
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The cost of shortcuts W , Su

Shortcuts to Equilibrium (STE)
Starting on the energy shell:

〈Ĥ 〉 6= 0 , 〈L̂〉 = 0 , 〈Ĉ〉 = 0

Nonadiabtic dynamics generates coherence and requires extra work.
The coherence is dissipated generating quantum friction
The system entropy changes ∆Ssys 6= 0. 
Irreversibility i s i nherent ∆SU > 0.

The speedup cost work and entropy production.
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Dynamics for any squeezed thermal state.

β̇ = k↓

(
eβ −1

)
+k↑

(
e−β −1 + 4eβ |γ|2

)
γ̇ =

(
k↓+k↑

)
γ−2k↓γe

−β ,

We assume that the system is in a thermal state at
initial time, which infers γ(0) = 0. This simplifies to

ρ̃S (β (t) ,µ (t)) =
1

Z eβ b̂†b̂(µ) . 

The system dynamics are described by

β̇ = k↓ (t)
(
eβ −1

)
+k↑ (t)

(
e−β −1

)
with initial conditions β (0) = h̄ω(0)

kBT
and µ (0) = 0.
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